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h*ikjkjflTmon7pqn�rNsQtTn7s�uvikw]xzyo{|l}w]s�~
S [x (t)]

yorNs�y%��s�jNm%s�uvikwNx�yo{|l}w
x : [a, b] → R

l}w
s��T{�tTn�w#{|wXyon���t_s�~9yol=s�w*ik�<�fn��O����m�{|wk�WyorknG��ik~|n��o���9s��T��s}wk�}n�nO�Ti]s_yo{|l}wC�]pqnFxJs�w#�Nw]�
n��*y��onJ��s}~�l}���om�y�s_yo{|l}w]s����}�7j]s_yor]m/l�u9york{�m�uvikwNx�yo{|l}wNs}~��kyorNs�y�{|mJ��jNs_y�rNm�uvlT�/p/rk{|x�r

δS [x0 (t)] = 0

� l_pqn�tTn��O��york{�m7�klXnOm�wkl}y7l�u&{�y�mon�~�u5yon�~|~8iNm�p/rkn�yorknJ�/yorNn<n��*y��onJ��s}~0jNs�yor#{�m7s�~|l�x�s�~
��{�wN{��Fik���0��s_��{��Fik� l}��m�s}�k�k~�nGj]lT{�wXy�l�u%yorknGuvikwNx�yo{|l}wNs}~��*¡�i]m�y's}mE{|w(x�l}w*t}nJwXyo{|l}wNs}~
x�s}~|x�ik~|iNm��X�Nw]��{�wN�Gs<j]lT{�wXy/s_y�p/rk{|x�rWyorkn���nJ�o{|t_s_y�{�tTn7l�u8s�uvikwNx�yo{|l}w=t_s�wk{�m�rNnJmq��l*nJmqwkl�y
yonJ~�~qiNmFyorNn"wNs�yoik��n�l}u�yorkn"n��*yo��n��Fik���£¢¤w¥yorkn�x�sTm�nWl�u7x�lTw*t}n�wXy�{�lTwNs�~qx�s�~�x�iN~�iNmJ�5p%n
x�lT��jki�yon'yorkn<monJx�l}wN�#�kn���{�t_s_y�{�tTn}�Ns}wN��{�y�m7mo{|�}w�¦§sTmomoik��{|wk��{¨yE��l*nJm�wNl�y7t_s�wN{|mor]©qy�n�~|~|m
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��nJ�o{|t_s_yo{|t}nEt_s�wk{�morknJmJ��p%n'x�l}ik~��"~�l*l}«"s_y/rk{|�}rknJ����n���{�t_s�yo{|t}nJmJ�
¬ n'x�l}wNmo{���n���y�rkn�uvl}~|~�l_p/{|wk�FuvikwNx�yo{|l}wNs}~0l}w"yorkn�{|wXyonJ�ot_s�~

[0, T ] ­

S [x (t)] =

∫

T

0

dt
(

ẋ2 + x2
)

® ¬ n7p/{�m�rWyolF�NwN��y�rknEjNs_y�rW�fn�y�pqn�n�wWj]lT{�wXy�m (0, 0)
s�w]�

(T, sinh T )
yorNs�yqn��Xy��onJ��{�¯JnJm

yorN{|m�uviNwNxzy�{�lTwNs�~Z��°�jkjN~��*{|wk�Gyorkn���iN~�nJ���¤�Cs}�}��s�wk�Tn7nJ�XiNs�yo{|l}w=�}{|t}nOm

ẍ + x = 0
¦�±O©

p/rk{�x�r�rNs}m�yorkn�mol}~|i�yo{|l}w
x = sinh t

yorNs�yEx�~|nJs}�o~|�"m�s_y�{|m��NnOm/yorNnF�fl}ikw]�ks����=x�l}wN�k{¨�
yo{|l}w]m�� ¬ nGwkl_p²p/{|mor#yol=��n�y�n�����{�wkn<p/rkn�y�rkn���york{�m7uvikwNxzy�{�lTw³{�m�s�~�l�x�s}~C��{|wk{��Fik� l}�
��s_��{|�<ik�?l�u&y�rkn'uvikw]xzyo{|l}w]s�~

S
�7¢�u�pqn<t_s����

x
�*�#s}�k��{|wk�

δx
p/rk{|x�r³{|mEs}m�m�iN�GnO�=yol

t_s�wk{�mor=s�y
t = 0
s}wN�

t = T
�*yorknJw"y�rkn�t_s���{|s�yo{|l}w={�w

S
{|m ­

δS = S [x + δx] − S [x] =

∫

T

0

dt

(

(

ẋ + ˙δx
)2

+ (x + δx)
2
− ẋ2

− x2

)

=

∫

T

0

dt
(

2ẋδẋ + δẋ2 + 2xδx + δx2
)

±



´ rkn��N��m�y/yon����µxJs�w��fn�{�wXyonJ�}��s_y�nJ�=�*��jNs��oy�m/yol��}{|t}n�s��fl}ikw]�ks�����yonJ�o�
2ẋδx
p/rk{|x�r

t_s�wk{�morknJm/mo{�w]x�nEyorkn�t_s}�o{�s_y�{�lTwW{�m/¯�nJ�ol�s_y/y�rkn�n�wN�kj]lT{�wXy�mJ� ´ rk{�m�~�nOsQt}nOm

=

∫

T

0

dt
(

−2ẍδx + δẋ2 + 2xδx + δx2
)

¶ l_p��]�*�Wy�rkn<��iN~�nJ���¤�Cs}�}��s�wk�Tn�nO�Ti]s_yo{|l}w�¦�±O©/yorkn��]��m�y�s�w]��york{|���=yon�����m�p/{|~�~5x�s}wNx�nJ~��
~|nJsQt*{�wN�

∫

T

0

dt
(

δẋ2 + δx2
)

≥ 0
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{�y���uvl}~|~|l_p�m�l}wk~|��uvl}�

δx = 0
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x (t)
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S
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